Background material




Relations

e ArelationoverasetSisasetRCS xS
— We write a R b for (a,b) € R

* A relation R ISs:

— reflexive iff
VaeS.aRa

— transitive iff
VaeS,beSceS.aRbAbRc=aRc

— symmetric iff
Va,beS.aRb=DbRa

— anti-symmetric iff
Va,b,eS.aRb=—-(bRa)
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e ArelationoverasetSisasetRCS xS
— We write a R b for (a,b) € R

* A relation R ISs:

— reflexive iff
VaeS.aRa

— transitive iff
VaeS,beS,ceS.aRbAbRc=aRc

— symmetric iff
Va,beS.aRb=DbRa

— anti-symmetric iff

_Yab-eSaRb=—=0ORa)
Vab,eS.aRbAbRa=a=b



Partial orders

* An equivalence class is a relation that Is:

« A partial order is a relation that Is:



Partial orders

* An equivalence class is a relation that Is:
— reflexive, transitive, symmetric

« A partial order is a relation that Is:
— reflexive, transitive, anti-symmetric

« A partially ordered set (a poset) is a pair (S5,<) ofaset S and a
partial order < over the set

. Examples of posets: (25, C), (Z, <), (Z, divides) 4 Wmud # = o
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Lub and glb

« Gliven a poset (S, <), and two elementsa € S and b € S, then the:

— least upper bound (lub) is an element ¢ such that
QEC,bgc,j'dedeS.(agd/\bgd):Hzgd

— greatest lower bound (glb) is an element ¢ such that
c<a,c<b,andvdeS.(d<aAnd<b)=d<c g ¢
[ F;

* Does a lub and glb always exists?

A. Yes (in this case justify your answer)

B. No (in this case come up with example where no lub or glb exists)



Lub and glb

« Given a poset (S, <), and two elementsa € S and b € S, then the:

— least upper bound (lub) is an element ¢ such that
a<c,b<c,andvVdeS.(a<dAb<d)=c<d

— greatest lower bound (glb) is an element c such that
c<ac<bhandvdeS.d<and<b)=d<c

 lub and glb don't always exists:
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Lattices

« Alatticeisatuple (S, C, L, T, U, ) such that:
— (S, E) Is a poset
— VaeS..1lCa
— VaeS.aCT

— Every two elements from S have a lub and a glb
— LI is the least upper bound operator, called a join

— M is the greatest lower bound operator, called a meet /.\
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Examples of lattices

 Powerset lattice
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Examples of lattices

 Powerset lattice
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Examples of lattices

« Booleans expressions
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Examples of lattices

« Booleans expressions
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Examples of lattices

« Booleans expressions
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Examples of lattices

« Booleans expressions
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